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I n t r o d u c t i o n
Much has  been w r i t t e n  co ncern ing  th e  Theory o f  
F o u r i e r  S e r i e s  so t h i s  p ap e r  w i l l  c o n ta in  n d th in g  new in  
r e g a rd  t o  g e n e ra l  p r o p e r t i e s .  I  have m ere ly  examined 
f a c t s  r e l a t i v e  t o  t h e s e  S e r i e s  from m a t e r i a l  a t  my d i s ­
p o s a l  and have found t h a t  up t i l l  th e  appearance of 
F o u r i e r ' s  memoir on th e  " A n a ly t i c a l  Theory o f  Heat" 
t h e  p o s s i b i l i t y  o f  t h e  expans ion  o f  an a r b i t r a r y  f u n c t i o n  
i n  a t r i g o n o m e t r i c  s e r i e s  was no t  adm it ted  by any mathe­
m a t i c i a n .  A lso ,  t h a t  F o u r i e r  had a thorough g ra sp  o f  
th e  n a tu r e  o f  such expans ions  and gave i n  broad o u t l i n e ,  
though no t  i n  such d e t a i l  as  i t s  im portance  demanded, 
a sound p ro o f  o f  th e  expans ion ,  so t h a t  from the time 
h i s  memoir became known th e  v a l i d i t y  of th e  expans ion  
has  never  been q u e s t io n e d .  D i r i c h l e t  was th e  f i r s t  t o  
g iv e  a p ro o f  i n  which the  r e s t r i c t i o n s  on th e  f u n c t i o n  
t o  be expanded, i n  o t h e r  words th e  l i m i t s  of i t s  
a r b i t r a r i n e s s ,  a re  c a r e f u l l y  s t a t e d .  The work o f  sub­
seq uen t  w r i t e r s  has  c o n s i s t e d  l a r g e l y  i n  e x te n d in g  th e  
l i m i t s  g iven  by D i r i c h l e t ,  w h i le  fo l lo w in g  in  th e  main 
h i s  methods.
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D e f i n i t i o n  o f  F o u r i e r  S e r i e s  
S e r i e s  o f  the  type
^ a o + - ( a i  cos x + b ^ s in  x) 4- (ag cos 2x + bg s i n  Sx) . . .
^ OCr
= &ao+ (s^n cos n x +■ b^ s i n  nx)
w » i
where a ^ ,b ^  a re  independen t  o f  x ,  a re  o f  ^ r e a t  im p o r t ­
ance i n  many i n v e s t i g a t i o n s .  They a r e  c e l l e d  t r igonom ­
e t r i c a l  s e r i e s .
/ ir
I f  t h e r e  i s  a f u n c t io n  f ( t )  such t h a t  \ f ( t ) d t
/-ir
e x i s t s  as  a Riemann i n t e g r a l  o r  a s  an improper i n t e g r a l  
which converges  a b s o l u t e l y ,  and such t h a t
'TTan z f ( t )  cos n t  d t ,  ^  f ( t )  s i n  n t  d t ,
/  - lt  /-IT
t h e n  the  t r i g o n o m e t r i c a l  s e r i e s  i s  c a l l e d  a F o u r i e r
S e r i e s . ^
By t a k in g  a l a r g e r  end l a r g e r  number o f  terms i n  
ou r  s e r i e s  we g e t  b e t t e r  and b e t t e r  approx im ations  to  
th e  f u n c t i o n  f ( t ) .  The q u e s t io n  th u s  n a t u r a l l y  s u g g e s t s  
i t s e l f  whether  th e  i n f i n i t e  t r i g o n o m e t r i c  s e r i e s  may 
n o t  g ive  u s ,  no lo n g e r  an approx im ate ,  bu t  a p e r f e c t  
r e p r e s e n t a t i o n  o f  f ( t ) .  This  i s  th e  fundamenta l  
q u e s t io n  which l i e s  a t  t h e  fo u n d a t io n  o f  t h e  whole 
th e o ry  of F o u r i e r  S e r i e s .
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E a r ly  I n v e s t i g a t i o n s  
The c o n t ro v e r s y  as  to  th e  p o s s i b i l i t y  o f  expending 
an a r b i t r a r y  f u n c t i o n  o f  one v a r i a b l e  i n  a s e r i e s  o f  
s i n e s  and c o s in e s  o f  m u l t i p l e s  o f  t h e  v a r i a b l e ,  a ro se  
about  th e  m iddle  o f  t h e  18th c e n tu ry  i n  con nec t io n  w ith  
th e  problem o f  v i b r a t i n g  cho rds .  To a p p r e c i a t e  p r o p e r ly  
t h e  d i f f i c u l t y  which th e  expans ion  p re s e n te d  to  th e  
m a th em at ic ian s  o f  t h a t  day one must b e a r  in  mind t h a t  
t h e i r  c o n c e p t io n  o f  a f u n c t io n  was much more l i m i t e d  than  
o u r s . E u le r  says  t h a t  curves  may be d iv id ed  i n t o  con­
t i n u o u s  and d i s c o n t in u o u s  o r  mixed; a curve i s  c o n t i n ­
uous when i t s  n a tu r e  can be ex p ressed  by one d e f i n i t e  
f u n c t i o n  o f  th e  v a r i a b l e ;  i f  on th e  o t h e r  hand d i f f e r e n t  
p o r t i o n s  o f  t h e  curve r e q u i r e  d i f f e r e n t  f u n c t io n s  to  
e x p re s s  them th e  cu rves  a r e  c a l l e d  d i s c o n t in u o u s  or 
mixed o r  i r r e g u l a r  as  no t  fo l lo w in g  th e  same law th rough  
t h e i r  whole cou rse  but  be ing  composed of  p o r t i o n s  o f  
co n t in u o u s  c u rv es .  Curves which a re  d i s c o n t in u o u s  i n  
t h i s  sense  seem to  have been c o n s id e red  to  be beyond th e  
scope o f  a n a l y s i s . ^ As a consequence o f  t h i s  view i t  was 
supposed t h a t  i f  two f u n c t io n s  o f  a v a r i a b l e ,  were equa l  
f o r  any d e f i n i t e  range o f  v a lu e s  o f  t h e  v a r i a b l e ,  th e y  
must be so f o r  a l l  v a lu e s  so t h a t  i f  t h e  curves  which 
r e p r e s e n t  them c o in c id e  f o r  any i n t e r v a l  th e y  must do
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so e n t i r e l y .  Thus t h e  o b j e c t i o n  was c o n s t a n t l y  urged 
t h a t  an A lg e b ra ic  f u n c t io n  would no t  be r e p re s e n te d  by 
a t r i g o n o m e t r i c  s e r i e s  f o r  th e  l a t t e r  g iv e s  a p e r io d i c  
curve w hile  th e  former does n o t .  F o u r i e r  was th e  f i r s t  
t o  see and s t a t e  t h a t  when a f u n c t io n  i s  d e f in e d  f o r  a 
g iven  range o f  v a lu e s  o f  th e  argument i t s  course  o u t s id e  
t h a t  range i s  i n  no way de te rm in ed .  One obvious con­
sequence o f  th e s e  views i s  t h a t  no one b e fo re  F o u r i e r  
could  have p r o p e r l y  unders tood  th e  r e p r e s e n t a t i o n  o f  an 
a r b i t r a r y  f u n c t i o n  by a t r i g o n o m e t r i c a l  s e r i e s ,
D 'Alembert i n  h i s  memoirs d i s c u s s e s  th e  problem o f  
t h e  v i b r a t i n g  c h o rd .^  The o r i g i n  o f  c o - o r d i n a t e s  being  
a t  one end o f  th e  chord whose le n g th  i s  1, th e  a x i s  o f  x
i n  the  d i r e c t i o n  o f  th e  chord and y th e  d isp lacem en t  a t  
t ime t ,  he shows t h a t  y must s a t i s f y  th e  eq u a t io n
2 m  = a*-
9 nC. %-
He o b t a i n s  the  s o l u t i o n  y « f  ( a t ^  x) -t-|Z$(at-x) and 
s in c e  y a 0 f o r  x = 0 end x = l ,  he f i n d s  y = f ( a t  + x ) - f ( a t - x )  
and shows t h a t  f  r e p r e s e n t s  such a f u n c t i o n  t h a t  f ( z ) s  
f ( x + - 2 1 ) .  I n  a memoir'^ im m edia te ly  fo l lo w in g  t h i s  one 
i n  t h e  same volume he seeks  to  f in d  f u n c t i o n s  which 
s a t i s f y  t h i s  r e l a t i o n  o f  p e r i o d i c i t y .  E u le r  d i s c u s s e s
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t h i s  same problem . He o b se rv es  t h a t  t h e  motion  of t h e  
s t r i n g  w i l l  be com ple te ly  de term ined  i f  i t s  form and 
v e l o c i t y  o f  each p o i n t  o f  i t  be known f o r  any one 
p o s i t i o n .  He deduces the  e q u a t io n  y*j[5(x-f-st ) -t-jzî ( x - a t )  
where ^ i s  such t h a t  )^{at )+^4at)  =0 and jzJ ( 1 a t  ( 1 - a t  ) «0 
f o r  eve ry  t ; and from th e s e  e q u a t io n s  which jz^must s a t i s f y  
he concludes  t h a t  eve ry  curve w hether  r e g u l a r  o r  i r r e g u l a r  
which c o n s i s t s  of r e p e t i t i o n s  a l t e r n a t e l y  below and above 
t h e  a x i s  o f  any g iven  curve which the  s t r i n g  may be sup­
posed to  ta k e  i s  s u i t a b l e  f o r  r e p r e s e n t i n g  He th en  
shows how the  o r d i n a t e  o f  any p o in t  a t  any g iven  time 
may be determ ined  by a simple g e o m e t r ic a l  c o n s t r u c t i o n .
He g iv e s  as  a p a r t i c u l a r  s o l u t i o n  f o r  #(x) th e  e q u a t io n
^(x) -  (K s in  iTx-r ^ s i n  2 i r x  + /> s i n  S t k .......................
T" ' ~ T ~  “T "
I n  an a r t i c l e  by Damiel B e r n o u l l i ,  th e  problem o f  
t h e  v i b r a t i n g  s t r i n g  i s  approached from th e  p h y s i c a l  
r a t h e r  th an  from t h e  m athem at ica l  s id e .  He m a in ta in s  
t h a t  any p o s i t i o n  o f  th e  s t r i n g  may be g iven  by t h e
e q u a t io n  y= a  s i n  - ^ i - p s i n  2 ^ x  + j  s i n  Z 'n x .....................
He a s s e r t e d  t h a t  t h i s  r e p r e s e n t s  t h e  most g e n e ra l  s o l u ­
t i o n  o f  th e  problem, and t h a t  t h e  s o l u t i o n s  of D’Alembert 
mnd Huler must t h e r e f o r e  be co n ta in ed  i n  i t .  S u le r  
adm its  t h a t  i f  I t  be g e n e ra l  i t  i s  much b e t t e r  th en  h i s
own; bu t  he does no t  admit i t s  g e n e r a l i t y ,  f o r  t h a t  
would be e q u i v a l e n t  t o  a d m i t t in g  t h a t  every  curve could
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be r e p r e s e n te d  by a t r i g o n o m e t r i c  s e r i e s  and t h i s  p r o p o s i ­
t i o n  he c o n s id e r s  t o  be c e r t a i n l y  f a l s e ,  s ee in g  t h a t  a 
curve g iven  by a t r i g o n o m e t r i c  s e r i e s  i s  p e r i o d i c - -  
a p r o p e r ty  no t  p o sse ssed  by a l l  c u rv e s .  In  seek in g  to  e s ­
t a b l i s h  h i s  p o s i t i o n  he remarks t h e t  i t  might be argued 
t h a t  s in c e  t h e r e  i s  an i n f i n i t e  number o f  d i s p o s a b le  
c o n s t a n t s ,  , e t c . , a t  d i s p o s a l ,  i t  must be p o s s i b l e
to  make th e  proposed curve c o in c id e  w i th  any g iven  curve ,  
bu t  he s t a t e s  e x p l i c i t l y  t h a t  B e rn o u l l i  h im s e l f  has no t  
used t h i s  argument,  B e r n o u l l i  indeed  does not  seem in  
h i s  memoir to  have q u i t e  g rasped  the  m a th em at ica l  con­
sequences  o f  h i s  s o l u t i o n ;  h i s  r e s u l t s  seemed so s a t i s ­
f a c t o r y  i n  t h e i r  e x p la n a t io n  o f  th e  f a c t s  o f  o b s e rv a t io n  
t h a t  he was p re p a re d  t o  m a in ta in  th e  g e n e r a l i t y  o f  h i s  
s o l u t i o n  on t h a t  ground e lo n e .
Vtoen the  c o n t ro v e r s y  was a t  t h i s  s t a g e  L a g r a n g e 6 
w r i t e s  concern ing  th e  methods o f  S u l e r ,  D’Alembert,  and 
B e r n o u l l i .  He a c c e p t s  E u l e r ’ s s o l u t i o n  a s  the  most 
g e n e r a l ,  bu t  o b j e c t s  to  h i s  mode o f  d e m o n s t ra t io n ,  and 
p roposes  to  o b t a i n  a s a t i s f a c t o r y  s o l u t i o n  by f i r s t  con­
s i d e r i n g  th e  case o f  a f i n i t e  number o f  v i b r a t i n g  p a r ­
t i c l e s  end t h e n  seek ing  the  l i m i t  f o r  an i n f i n i t e  number, 
t h a t  i s ,  f o r  a chord .  In  t h i s  he showed t h a t  when th e  
i n i t i a l  d isp lacem en t  o f  th e  s t r i n g  o f  u n i t  l e n g th  i s
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g iv en  by f ( x )  end th e  i n i t i a l  v e l o c i t y  by F ( x ) , t h e  d i s ­
p lacem ent a t  t ime t  i s  g iven  by
y= Ç  {s in  nirx* s i n  nirx cos nffat ) f  (x* )dx ' 4-
2 f ^  ]L(sin mix' s i n  nirx s i n  n‘irat}F(xOdx!. 
air i Z» n
T h is  seems undoub ted ly  t o  be e F o u r i e r  s e r i e s  in  the  
p ro p e r  sense  o f  th e  te rm ;  y e t  i t  ap p e a rs  d o u b t fu l  i f  
Lagrange a c t u a l l y  supposed i t  t o  be such. I t  could  h a r d ­
l y  have escaped h i s  n o t i c e  t h a t  f o r  a d e f i n i t e  va lue  o f  t  
t h i s  i s  s im ply  B e r n o u l l i ' s  s o l u t i o n .  I t  v;as d o u b t le s s  no 
p a r t  o f  L a g ra n g e 's  purpose  to  de te rm ine  t h e  c o e f f i c i e n t s  
i n  B e r n o u l l i ' s  s e r i e s ,  bu t  r a t h e r  t o  o b t a i n  th e  f u n c t i o n a l  
s o l u t i o n  g iv en  by D'Alembert as  he a c t u a l l y  does by sum­
ming th e  s e r i e s  by t r i g o n o m e t r i c  methods. I t  i s  hard  to 
un d e rs tan d  how n e a r  Lagrange came to  t h e  co ncep t ion  of  
expanding an a rb i t^ ra ry  f u n c t io n  i n  an i n f i n i t e  s e r i e s  
w i th o u t  ev e r  a c t u a l l y  a t t a i n i n g  t o  i t ,  e s p e c i a l l y  when we 
see him ado p t ing  th e  method o f  p a s s in g  a t r ig o n o m e t r i c  
curve th rough  a f i n i t e  number o f  p o i n t s  on a given curve 
end succeed ing  i n  s o lv in g  th e  n e c e s s a ry  eq u a t io n s  i n  th e  
manner used l a t e r  by D i r i c h l e t .  That he d id  n o t  r e a l l y  
so lve  th e  problem o f  expans ion  i n  t r i g o n o m e t r i c  s e r i e s  
i s  b e s t  un ders tood  from th e  c i rcu m s tan ce  t h a t  n e i t h e r  he 
no r  any o f  h i s  co n tem p o ra r ie s  b e l i e v e d  such expansion  to  
be p o s s i b l e .
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For t h e  n e x t  f o r t y  y e a r s  t h e r e  seems to  have been 
a lm os t  no p r o g r e s s  made tow ards  a s o l u t i o n  o f  th e  d i f ­
f i c u l t i e s  r a i s e d  i n  th e s e  d i s c u s s i o n s .  I t  i s  easy  to  
see  where t h e  d i f f i c u l t i e s  of  the  s u b je c t  l a y ;  th ey  l a y  
i n  th e  inadequacy  o f  th e  n o t io n  o f  a f u n c t i o n . Both 
S u le r  and Lagrange seem a t  t im e s  as  i f  they  had i n  p e r t  
t r an sc en d ed  th e  l i m i t s  o f  t h e i r  o r i g i n a l  co ncep t ion ;
E u le r  i n  g iv in g  h i s  g e o m e t r ic a l  c o n s t r u c t i o n s  fo r  the  
s o l u t i o n  o f  t h e  e q u a t io n  f o r  t h e  v i b r a t i n g  chord and 
Lagrange i n  h i s  method o f  c o n s t r u c t i n g  th e  e q u a t io n  to  a 
curve  p a s s in g  th rough  th e  v e r t i c e s  o f  an i n s c r i b e d  
po lygon .  Yet n e i t h e r  o f  them go t  beyond the  o ld  n o t io n  
o f  c o n t i n u i t y  and i t s  consequences i n  any o f  t h e i r  w r i t ­
in g s  on th e  s u b j e c t  o f  t r i g o n o m e t r i c  s e r i e s .  But a g r e a t  
p a r t  o f  t h e i r  work was o f  immense s e r v i c e  to  F o u r i e r ,  a s  
he h im s e l f  i n d i c a t e s  when he approached th e  c o n s i d e r a t i o n  
o f  th e  s u b je c t  w i th  h i s  co ncep t ion  o f  a f u n c t i o n  as 
g iv en  g r a p h ic a l ly ,®
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F o u r i e r ’ s Work
F o u r i e r  S e r i e s  t a k e s  i t s  name from Joseph F o u r i e r  
th e  a u th o r  o f  ”La T heor ie  A n a ly t iq u e  de l a  C h a l e u r . ” 
F o u r i e r ’ s f i r s t  i n v e s t i g a t i o n s  on th e  Theory o f  Heat were 
communicated to  th e  Academy of S c ien ce s  on t h e  2 1 s t  o f  
December i n  1807, though i t  i s  i n  h i s  memoir o f  1811 t h a t  
i s  found th e  e x p o s i t i o n  o f  th e  r e p r e s e n t a t i o n  of a r b i t ­
r a r y  f u n c t i o n s  by t r i g o n o m e t r i c  s e r i e s .  In  t h i s  t r e a t i s e  
F o u r i e r  c l e a r e d  away th e  d i f f i c u l t i e s  which had puzz led  
h i s  p r e d e c e s s o r s .  Even b e fo re  D i r i c h l e t * s  p ro o f  o f  1829 
which has g e n e r a l l y  been co n s id e red  to  be t h e  f i r s t  s a t ­
i s f a c t o r y  e x p o s i t i o n  from t h e  m a them at ica l  s t a n d p o in t ,  
F o u r i e r ’ s r e s u l t s  had been u n i v e r s a l l y  a c cep ted ;  a l though  
c r i t i c i z e d  by some.
F o u r i e r  sums up h i s  views on th e  n a tu r e  o f  a f u n c t io n  
which adm its  o f  expans ion ;  i t  i s  no t  n e c e s s a r i l y  c o n t in ­
uous i n  th e  o ld  sense  o f  t h a t  word bu t  may be composed 
o f  s e p a ra te  f u n c t i o n s  o r  p a r t s  o f  f u n c t i o n s .  By t h e s e  
p h ra s e s  he means a f u n c t io n  f ( x )  which has  v a lu es  w hile  
X l i e s  between g iv e n  l i m i t s  but  i s  ze ro  f o r  a l l  o t h e r  
v a lu e s  o f  x. The f u n c t i o n  may even become i n f i n i t e  be­
tween th e  l i m i t s  and i n  g e n e r a l  th e  f u n c t i o n  need only  
be g iven  g r a p h i c a l l y .  Again, F o u r i e r  has a c c u ra te  con­
c e p t io n s  o f  the  convergency o f  s e r i e s ,  b u t  an im p or tan t
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q u e s t i o n  s t i l l  r e m a in s ,  namely, how f a r  d id  F o u r i e r  
succeed  i n  h i s  m a th em at ica l  d e m o n s t ra t io n  t h a t  t h e  s e r i e s  
which r e p r e s e n t s  th e  f u n c t i o n  a c t u a l l y  converges  to  the  
v a lu e  o f  th e  f u n c t i o n .  In  s p e c i a l  c a se s  which he g iv e s ,  
th e  convergency of  th e  s e r i e s  and i t s  eq u iv a len c e  w i th  
t h e  f u n c t i o n  a r e ,  as he s ay s ,  e a s i l y  dem ons tra ted ;  b u t  
i t  i s  u s u a l l y  m a in ta in e d ,  e s p e c i a l l y  by Riemann, t h a t  he 
gave no m a th em a t ica l  p ro o f  o f  th e  Theorem.^ However, 
i t  i s  a m is take  to  suppose t h a t  F o u r i e r  d id  not e s t a b l i s h  
i n  a r i g o r o u s  and co n c lu s iv e  manner t h a t  a q u i t e  a r b i t ­
r a r y  f u n c t i o n  (meaning by t h i s  any f u n c t i o n  capable  o f  
b e in g  r e p re s e n te d  by an a rc  o f  a con t inuous  curve o r  by 
s u c c e s s iv e  p o r t i o n s  o f  d i f f e r e n t  con t in u ou s  curves) could 
be r e p re s e n te d  by th e  s e r i e s  we now a s s o c i a t e  w i th  h i s  
name. In  t h i s  d i s c u s s i o n  F o u r i e r  fo l low ed  th e  l i n e  o f  
argument which i s  now customary i n  d e a l i n g  with  i n f i n i t e  
s e r i e s .  He proved t h a t  when th e  v a lu es
&o -  1  f ^  f  ( s ’ )d2i’ ,
/ -IT
a« = l ( ^ f ( x ' ) e o s  n x ’d x ’ , b„ = 1 f ( x ' ) s l n  nx'dx*
?  tir 7?
a r e  i n s e r t e d  in  t h e  te rm s  o f  t h e  s e r i e s
®o +" a^cos X +- Bgcos 2 x ...................................................
b j s i n  X + bg s i n  2x . . .
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th e  sum o f  th e  te rm s up t o  cos nz and s i n  nx i s
s i n ( 2 n +  1) X ' -  x
 ------
s i n X* -  X
2
He th e n  d i s c u s s e d  the  l i m i t i n g  va lue  o f  t h i s  sum a s  n 
becomes i n f i n i t e ,  and deduced from t h i s  l i m i t  th e  sum 
o f  the  i n f i n i t e  s e r i e s .
F o u r i e r  made no c la im  to  the  d i sc o v e ry  o f  th e  
v a lu e  o f  th e  c o e f f i c i e n t s
®o = A f(%* )d x ’ ,
a_ -  1 f ( x ’ )cos  nx*dx*, b_ •  1 f ( x ' )  s i n  n x ’ dx*
tr )-fT if /-'«•
They were employed by E u le r  b e fo re  t h i s  t im e .  S t i l l ,
t h e r e  i s  an im p o r tan t  d i f f e r e n c e  between F o u r i e r ’ s i n t e r ­
p r e t a t i o n  o f  th e s e  i n t e g r a l s  and t h a t  w^hich was c u r r e n t  
among th e  m athm at ic ians  o f  the  18th c e n tu r y .  The e a r l i e r  
w r i t e r s  by whom th e y  were employed a p p l ie d  them t o  th e  
r e p r e s e n t a t i o n  o f  an e n t i r e l y  a r b i t r a r y  f u n c t io n ,  i n  t h e  
sense  i n  which we have e x p la in e d  t h i s  te rm .  I t  should 
a l s o  be no ted  t h a t  he was the  f i r s t  t o  a l low t h a t  th e  
a r b i t r a r y  f u n c t i o n  might be g iven  by d i f f e r e n t  a n a l y t i c a l  
e x p r e s s io n s  i n  d i f f e r e n t  p a r t s  o f  t h e  i n t e r v a l ;  a l s o  t h a t  
he a s s e r t e d  t h a t  the  s in e  s e r i e s  could be used f o r  o th e r  
f u n c t i o n s  than  odd ones,  and t h e  c o s in e  s e r i e s  f o r  
o t h e r  than  even ones .  F u r t h e r ,  he was th e  f i r s t  t o  see
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t h a t  when a f u n c t i o n  i s  d e f in e d  f o r  a g iv en  range of  th e
v a r i a b l e ,  i t s  va lue  o u t s id e  t h a t  range  i s  in  no way 
de term ined  and i t  fo l lo w s  t h a t  no one b e f o re  him could 
have p r o p e r ly  unders tood  t h e  r e p r e s e n t a t i o n  o f  an a r b i t ­
r a r y  f u n c t i o n  by a t r i g o n o m e t r i c a l  s e r i e s . 4̂;
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L a te r  Developments 
An a t t e m p t  t o  p rove  F o u r i e r ’ s Theorem was n ex t  made 
by P o i s s o n . IQ As a m a t t e r  o f  f a c t  P o is so n * s p ro o f  i s  
i n v a l i d  and seems to  have been reco gn ized  a s  such a lm ost  
from t h e  f i r s t .  D i r i c h l e t  does no t  a l l u d e  to  i t  and 
Cauchy la y s  h i s  f i n g e r  on t h e  weak p o i n t .  However, the  
i n t e g r a l  t h a t  P o is so n  makes use o f  i s  o f  g r e a t  im p or tan ce ,  
and has  p lay ed  a fundam enta l  p a r t  i n  many modern deve lop­
m ents ;  bu t  i t s  v a lue  appears  a f t e r  th e  F o u r i e r  s e r i e s  
has  been e s t a b l i s h e d  and n o t  in  t h e  p ro o f  o f  th e  s e r i e s  
i t s e l f .  P o is so n  had t r e a t e d  t h e  t r ig o n o m e t r i c  s e r i e s
now d e a l t  w i th  in  s e v e r a l  p l a c e s  and always in  p r a c t i ­
c a l l y  th e  same way. His p ro c e s s  i s  as  fo l lo w s :
1  I Z Z i ------------------- :  n - s . ' v ” p " c « v , ( x - « )
f — 2. p  ( L o s  — 0 - )  4 -  ip  ^  I
M u l t ip ly in g  by f ( a )  and i n t e g r a t i n g  between -Tr , 4-?r,
he g e t s  M  d a _______ -
' - r r  I -  2 - p e o s  ^ o c — a ) + - ^ ' i
lYhen p = 1 , th e  i n t e g r a l  on th e  l e f t  h as  a l l  i t s  e lem ents  
ze ro  excep t  when a •  x.  P u t t i n g  p » 1 -g ,  v/here g i s
s m a l l ,  and x -  a « z ,  he g e t s  f o r  th e  v a lu e  o f  the
i n t e g r a l  I 9*^^
where 6, e ' a r e  sm a l l ;  bu t  no e r r o r  w i l l
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be in t ro d u c e d  by making the  l i m i t s  i n f i n i t e ,  so t h a t  when 
p « l ,  th e  i n t e g r a l  i s  e q u a l  to  2 f ( x ) . Making p * l  on th e
r i g h t  s id e  he deduces ^  /
■^(̂ ) = J -  ( + Ces \
•2-if }^ir *
The p ro o f  i s  u s u a l l y  extended so as to  in c lu d e  t h e  cases  
i n  which f ( x )  p r e s e n t s  d i s c o n t i n u i t i e s .  On t h i s  p ro o f  
t h e r e  a re  two remarks to  be made. I n  th e  f i r s t  p l a c e  i f  
th a
be denoted  by ^  A^p^, and i f  we w r i t e  F(p)  « y%A^p^, 
t h e n  we a re  j u s t i f i e d  i n  assuming F ( l )  = %% A^ when th e  
s e r i e s  A^ i s  co n v e rg en t .  T h is  theorem i s  g e n e r a l l y
quoted as  A b e l’ s T h e o r e m . B u t  i n  t h e  p r e s e n t  case  t h i s  
p rocedure  amounts to  assuming t h a t  the  t r ig o n o m e t r i c  
s e r i e s  i s  con ve rg en t ,  and t h e  convergency o f  th e  s e r i e s  
i s  no t  proved by P o i s s o n .  I n  o t h e r  words one of the 
g r e a t e s t  d i f f i c u l t i e s  o f  t h e  s u b je c t  i s  t a c i t l y  passed  
o v e r .  I t  may be added t h a t  u n l e s s  the  f u n c t io n  f ( x)  
be ve ry  g r e a t l y  r e s t r i c t e d  i t  does not  seem p o s s ib l e  
to  prove th e  convergency o f  th e  s e r i e s  from a c o n s id e r ­
a t i o n  o f  the  i n t e g r a l s  which g iv e  th e  c o e f f i c i e n t s .  In
th e  second p l a c e ,  th e  q u a n t i t y  p has  no n a t u r a l  connec­
t i o n  w i th  t h e  s e r i e s  and i s  a cource  o f  am bigu ity  t h a t  
i s  no t  i n h e r e n t  i n  th e  s e r i e s  i t s e l f .  However, v a lu a b le  
P o i s s o n ' s i n t e g r a l  may be i n  o t h e r  r e s p e c t s  i t  does not
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seem t o  f u r n i s h  a s a t i s f a c t o r y  s t a r t i n g  p o in t  fo r  th e  
i n v e s t i g a t i o n  o f  th e  s e r i e s  i n  q u e s t io n .
A f t e r  P o i s s o n ,  Cauchy^^ a t t a c k e d  t h e  problem . He 
s t a r t s  w i th  the  s e r i e s
J*  ^  (^j j “ S *  c . .  - r )  f  ( H
To prove t h a t  t h i s  has  f o r  sum a f ( x )  he r e p l a c e s  i t  by 
a n o th e r  s e r i e s
^ n» »
"if e  •
rv •=. I
where ^ -  1- 1 and 6 i s  a sm al l  q u a n t i t y .  The s e r i e s  v/hen
summed g iv e s
1 + •
and t h i s  i n t e g r a l  be ing  e v a lu a te d  i n  P o i s s o n ’ s manner 
i s  eq u a l  to  a f ( x ) , But Cauchy re c o g n iz e s  one of the 
f a u l t s  o f  P o is s o n * s p ro o f  and t r i e s  t o  prove th e  con­
vergence  o f  t h e  s e r i e s  when â -  1 . To do t h i s  he throws 
i t  i n t o  th e  form
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'  ' - « X ^ a (X )
T h is  e q u a t io n ,  a s  Cauchy remarks l a t e r  may be deduced by 
i n t e g r a t i o n  o f  th e  f u n c t i o n
e - - k]Î - t
round a p r o p e r l y  s e l e c t e d  boundry. As to  t h e  fu n c t io n  
f ( z )  i t  must rem ain  f i n i t e  fo r  a l l  r e a l  o r  im aginary  
v a lu e s  o f  x .  He now, i n s t e a d  o f  examining the  i n t e g r a l  
i n  i t s  c lo se d  form, throws i t  a g a in  i n t o  a s e r i e s  o f
which th e  g e n e r a l  te rm  i s ,  z -  2niT'f
a
* g — AfTrv
e
so t h a t  when n i s  very  l a r g e  th e  g e n e ra l  term a p p ro x i ­
mates  t o  f ( o ) -  f ( a )  1 s i n  2n t rx  . The s e r i e s  of which
ntf a
t h i s  i s  th e  g e n e r a l  te rm  i s  convergen t  and he t h e r e f o r e  
conc ludes  th e  t r i g o n o m e t r i c  s e r i e s  t o  be co n v e rg en t .  Now 
i n  r e g a rd  t o  t h i s  p ro o f  two p o i n t s  i n  p a r t i c u l a r  req uu re  
n o t i c e .  F i r s t ,  a s  D i r i c h l e t  n o t i c e d  t h e r e  may be two
s e r i e s  whose te rm s d i f f e r  i n f i n i t e l y  l i t t l e  from each
o t h e r  when n s  , and y e t  t h e  one s e r i e s  d iv e rg e s  w h i le
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t h e  o t h e r  converges ;  f o r  example ("*0" converges
n
w hile  2 ^  d i v e r g e s .
Cauchy’ s p ro o f  o f  th e  convergence o f  t h e  s e r i e s  th u s  
f a i l s .
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D i r i c h l e t * s I n v e s t i g a t i o n s  
The f i r s t  i n v e s t i g a t i o n s  o f  D i r i c h l e t  appeared  in  
C r e l l e  * s J o u r n a l  i n  1829, t h e  second which has  become a 
model f o r  n e a r l y  e v e ry  d i s c u s s i o n  on  th e  s e r i e s  i s  d a ted
1837.12
D i r i c h l e t  saw t h a t  t h e  convergence o f  t h e  s e r i e s  
does  n o t  depend s o l e l y  on th e  d e c re a s e  o f  t h e  t e rm s ,  bu t  
i s  due a l s o  t o  t h e  p re se n c e  o f  n e g a t i v e  te rm s .  Hence, he 
adop”fe th e  method, which F o u r i e r  had employed, o f  summing 
to  n te rm s  and f i n d i n g  th e  l i m i t  f o r  n -
The f i r s t  2n + 1  te rm s o f  t h e  s e r i e s  f o r  j^(x) may be 
w r i t t e n
a — tc
cJUi ^(a)  Sin
;islrv
and t h i s  i n t e g r a l  d iv id e d  i n t o
}  £> D p  )  o  5 t n p
and th e  l i m i t  f o r  n sochas  t o  be found.  The i n v e s t i g a ­
t i o n  h in g e s  upon th e  l i m i t  f o r  k o f
/  5 I n P
where k .  2 n - t l  and o <h <or  .  i r
The f u n c t i o n  f ( ^ )  i s  supposed i n  t h e  f i r s t  p lace  t o  be
c o n t in u o u s ,  p o s i t i v e ,  and n o t  i n c r e a s i n g ,  w h ile  ^ goes 
from o to  h .  The i n t e g r a l  i s  decomposed i n t o  a s e r i e s
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o f  p a r t i a l  i n t e g r a l s  w i th  l i m i t s
where rir i s  th e  g r e a t e s t  m u l t i p l e  o f  1T co n ta in ed  i n  h .
-R- —
Each o f  t h e s e  i n t e g r a l s  i s  l e s s  i n  a b s o lu t e  va lue  th a n  
i t s  p r e d e c e s s o r  and the  s ig n s  o f  them a r e  a l t e r n a t e l y  
p o s i t i v e  and n e g a t i v e .  The i n t e g r a l  i s  th u s  found to  l i e  
between l i m i t s  which f o r  n -  oo , c o in c id e  i n  va lue  §?rf {o ) .  
The r e s t r i c t i o n s  on f ( b )  a r e  th e n  p a r t l y  removed; i t  may 
e i t h e r  be c o n s t a n t  or n e g a t iv e  o r  a n o n -d e c re a s in g  fu n c ­
t i o n  a s  P goes from o to  h .  I t  f o l lo w s  im m edia te ly  t h a t
K - o o  s i «  (b ^  ^ ^
By t h i s  l a s t  r e s u l t  i t  i s  p o s s i b l e  t o  extend the f i r s t
theorem to  a l l  co n t in u o u s  f u n c t i o n s  which have a f i n i t e  
number o f  maxima and minima, w hile  i f  f ( ^ )  be d i s c o n t i n ­
uous f o r  (3 = 0  t h e  l i m i t  i s  §1Tf(o) i f  h be p o s i t i v e ,  but  
- ^ f r f ( - o )  i f  h be n e g a t i v e .  The l i m i t  f o r  n -  £>o o f  th e  
sum o f  the  f i r s t  2n-r 1 te rm s o f  th e  t r i g o n o m e t r i c  s e r i e s  
i s  t h u s
i f  X s  1 1 T
The r e s u l t s  may t h e r e f o r e  be summed up as  fo l lo w s :  The
l i m i t  f o r  n  = o f  t h e  s e r i e s
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r r \ - z . r y
.2» ^  frv\ 7̂ J vtKĉ v-^
«A-)
a i-( «̂ (a) Cos W\ A  ̂  ̂1- ^(a) S'M mtt Ja , %
^  '-1Î ^  /-ÎÎ-
-f- ^  t  4T  ̂ b u t
X  I (J!( (̂ ir -  o) +  )Z) ^  i- o) j  ' f
/-y- -p —
p ro v id ed  t h a t  w h i le  -1T -  o r < x  •  or<-iT,^(x) has  a f i n i t e  
number of  maxima and minima, a f i n i t e  number of d i s c o n ­
t i n u i t i e s ,  and does n o t  become i n f i n i t e .  Of cou rse  i f  
(x) i s  con t in uo u s  n e a r  x, t h e  v a lu e  i s  simply ^ . These 
c o n d i t i o n s  w i th  a n o th e r  r e g a r d in g  i n f i n i t e  v a lu e s  o f  ^i(x) 
a r e  u s u a l l y  c a l l e d  D i r i c h l e t * s  c o n d i t i o n s .
The d e f i n i t e  form which D i r i c h l e t  g iv e s  to  the  sum 
o f  th e  t r i g o n o m e t r i c  s e r i e s  s u g g e s t s  t h a t  th e  p h ra se s  
" th e  f u n c t i o n  ^ (x )  can be expanded i n  a s e r i e s "  o r  " th e  
s e r i e s  r e p r e s e n t s  t h e  f u n c t i o n  j^(x) should be p r e c i s e l y  
d e f in e d ,  f o r  where t h e r e  i s  a b reach  o f  c o n t i n u i t y  in  
th e  f u n c t i o n ,  t h e  s e r i e s  has  a d e f i n i t e  v a lu e  w h i le  th e  
f u n c t i o n  has  n o t .  The n a t u r a l  d e f i n i t i o n  seems t o  be 
t h a t  adopted  by S achse ,  namely, a s e r i e s  r e p r e s e n t s  a
f u n c t i o n  i n  a g iven  i n t e r v a l  i f  i t s  v a lu e s  co in c id e  w i th  
t h o s e  o f  th e  fu n c t io n  f o r  a l l  p o i n t s  i n  the  i n t e r v a l
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w ith  t h e  ex c e p t io n  o f  a l i m i t e d  number of  known p o i n t s ,
A F o u r i e r  s e r i e s ,  t h e r e f o r e ,  r e p r e s e n t s  a f u n c t io n  vAiich 
s a t i s f i e s  D i r i c h l e t ’ s c o n d i t i o n s .
There i s  one p o i n t  i n  D i r i c h l e t * s  d em on s tra t io n  
which has  been s u b je c te d  to  c r i t i c i s m  in  some q u a r t e r s .
According to  D i r i c h l e t  th e  va lue  o f  th e  s e r i e s  a t  a 
p o i n t  o f  d i s c o n t i n u i t y  i n  th e  f u n c t i o n s  i s  the a r i t h m e t i c  
mean o f  th e  v a lu e s  o f  t h e  f u n c t i o n  a t  t h a t  p o i n t .  I t  
h as  been contended on th e  o t h e r  hand by S c h l a f l i ^ ^  and
Du-Bois Reymond^^ t h a t  the  va lu e  i s  r e a l l y  in d e te rm in a te  
and t h a t  th e  sum may have a l l  v a lu e s  between th e  two 
v a lu e s  of t h e  f u n c t i o n  a t  t h e  p o i n t .
The c o n d i t i o n s  g iven  by D i r i c h l e t  i n  h i s  f i r s t  memoir 
as  t h o s e  which a f u n c t i o n  s a t i s f y  i f  i t  i s  to  be r e p r e ­
s e n te d  by a t r i g o n o m e t r i c  s e r i e s ,  a r e  c e r t a i n l y  very  
g e n e r a l ,  and i n  an a d d i t i o n  t o  h i s  memoir on the  r e p r e s e n t ­
a t i o n  o f  an a r b i t r a r y  f u n c t i o n  by a s e r i e s  o f  S p h e r i c a l  
Harmonics he shows t h a t  t h e  f u n c t i o n  (()) may become 
i n f i n i t e  a t  a f i n i t e  number o f  p o i n t s  p rov ided  t h a t
remain  f i n i t e  and c o n t in u o u s .  But D i r i c h l e t  b e ­
l i e v e d  t h a t  a f u n c t i o n ,  w i th  fewer r e s t r i c t i o n s  th a n  
t h o s e  im p lied  i n  h i s  c o n d i t i o n s ,  could  be r e p r e s e n te d  by
a t r i g o n o m e t r i c  s e r i e s .
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I t  should  be n o t i c e d  t h a t  D i r i c h l e t * s  c o n d i t io n s  
so n o t  In c lu d e  a l l  c o n t in u o u s  f u n c t i o n s ,  s in c e  th e y  ex ­
c lu de  every  f u n c t i o n  w i th  an i n f i n i t e  number o f  maxima 
and minima; b u t  i f  a f u n c t i o n  have an i n f i n i t e  number of 
o s c i l l a t i o n s  i n  th e  neighborhood o f  a p o i n t  i t  may be 
co n t in uo us  when th e  am pl i tude  o f  th e  o s c i l l a t i o n s  i s  i n ­
f i n i t e l y  s m a l l .  Thus th e  f u n c t i o n  x cos 1 i s  con tinuous
X
between -IT , t r  ,on th e  u n d e r s ta n d in g  t h a t  i t  i s  o f o r  x -o ,  
y e t  t h i s  would be excluded from D i r i c h l e t  * s c o n d i t i o n s .
One o f  t h e  main o b j e c t s  o f  l a t e r  i n v e s t i g a t i o n s  has  been 
to  ex tend  th e  l i m i t s  o f  t h e  a r b i t r a r i n e s s  a l low ab le  t o  a 
f u n c t i o n  which may s t i l l  be r e p r e s e n t e d  by a t r i g o n o ­
m e t r i c  s e r i e s ,  b u t  i t  i s  a somewhat s t r i k i n g  f a c t  t h a t  
th e  c o n d i t i o n s  do no t  y e t  in c lu d e  a l l  con t inuous  fu n c ­
t i o n s ,  and Du Bois-Reymond^^ has  even proved t h a t  t h e r e  
a r e  co n t inu ou s  f u n c t i o n s  such t h a t  th e  t r ig o n o m e t r i c  
s e r i e s  which r e p r e s e n t  them become i n f i n i t e  a t  c e r t a i n  
p o i n t s ,  t h a t  i s ,  cease  t o  r e p r e s e n t  them a t  t h e s e  p o i n t s .
R. L i p s c h i t z .
The f i r s t  p u b l i s h e d  a t t e m p t  to  shov; t h a t  a f u n c t io n  
h av in g  an i n f i n i t e  number o f  maxima and minima may be 
r e p r e s e n t e d  by a t r i g o n o m e t r i c  s e r i e s  i s  t h a t  o f  
L i p s c h i t z . H i s  p ro o f  depends on t h e  e v a lu a t i o n  o f  two
i n t e g r a l s  n o t i c e d  a s  fundam enta l  i n  D i r i c h l e t * s  method.
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and he shows t h a t  th e s e  s t i l l  m a in ta in  t h e i r  v a l i d i t y  i f  
i n  t h e  neighborhood of th o s e  p o i n t s  [3 f o r  which f{(^) 
o s c i l l a t e s ,  ^((3) i s  l e s s  i n  a b s o l u t e  va lue  th a n
Ç where a i s  p o s i t i v e  and (3 a c o n s t a n t .  As an ex ­
t e n s i o n  o f  D i r i c h l e t ’ s c o n d i t i o n s  th e  r e s u l t  i s  im p o r ta n t ,  
bu t  i t  i s  t o  be observed  t h a t  t h e r e  may be con t inuous  
f u n c t i o n s  n o t  s a t i s f y i n g  t h i s  c o n d i t i o n .  f { 0 )  w i l l  be 
c o n t in u o u s  n e a r  ^  i f ,  g iv e n  an a r b i t r a r i l y  sm all  q u a n t ­
i t y  € , a va lue  h can be found such t h a t  f o r  a l l  v a lu e s  
o f  l e s s  n u m e r ic a l ly  th a n  h , f  | i s  l e s s
th a n  6 . L i p s c h i t z ’ c o n d i t i o n s  im p l i e s  t h a t  t  -  ore. 
o r  h « or  <. , a  r e l a t i o n  n o t  n e c e s s a ry  f o r  c o n t i n u i t y ,
L ip sc h i tz *  r e s u l t s  would ho ld  i f  l ^ l o g  </^f ((3-f~</) - f  ( | î) |  ^0
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
24
B lémana* s I n v e s t i g a t i o n s  
E iem ann 's  i n v e s t i g a t i o n s  a s  c o n ta in e d  i n  h i s  g r e a t  
memoir i s  d iv id e d  i n t o  t h r e e  main s e c t i o n s . T h e  f i r s t  
i s  h i s t o r i c a l ,  t h e  second, c o n ta in s  a thorough i n v e s t i ­
g a t i o n  o f  the  fundam enta l  p r i n c i p l e s  o f  d e f i n i t e  i n t e g r a l s ,  
and i n  p a r t i c u l a r  d e te rm in e s  in  what c a se s  a f u n c t io n  
has  an i n t e g r a l .  We see h e re  t h e  g r e a t  e x te n s io n  of  
meaning which th e  word f u n c t i o n  has g a ined  i n  modern 
t im e s ,  c h i e f l y  under  t h e  gu idance  o f  F o u r i e r ,  D i r i c h l e t , 
and Riemann h i m s e l f ,  and which i s  e s s e n t i a l  t o  the  
modern f u n c t i o n  th e o ry .  The t h i r d  s e c t i o n  com pletes  the
memoir end i s  devo ted  to  th e  r e p r e s e n t a t i o n  o f  a func­
t i o n  by a t r i g o n o m e t r i c  s e r i e s  w i th o u t  s p e c i a l  s u p p o s i ­
t i o n s  as  to  t h e  n a tu r e  of a f u n c t i o n .  The problem p r o ­
posed f o r  s o l u t i o n  i s  th e  fo l lo w in g  : - - I f  a f u n c t io n  can 
be r e p r e s e n t e d  by a t r i g o n o m e t r i c  s e r i e s ,  what fo l lo w s  
r e s p e c t i n g  the  march o f  the  f u n c t i o n ,  r e s p e c t i n g  th e  
change i n  i t s  v a lu e  f o r  a co n t in u o u s  change i n  th e  a rg u ­
ment? The p re c e d in g  i n v e s t i g a t i o n s  argued  from th e  
f u n c t i o n  to  t h e  s e r i e s ;  h e r e  th e  s e r i e s  i s  supposed
g iv en  and th e  c o n c lu s io n  i s  t h e  n a t u r e  o f  t h e  f u n c t i o n .  
Riemann d e n o te s  th e  S e r i e s
Ao A i - t - A g ............................................................ Ajj
where Aq * &bo,
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An = aji s i n  nz 4- bn cos nz  h jS X  (omega)and when 
i t  i s  co nv e rg en t  i t s  v a lu e  i s  denoted  by f ( x )  so t h a t  
f ( x )  on ly  e x i s t s  f o r  th o se  v a lu e s  o f  x f o r  which the  
s e r i e s  i s  co n v e rg en t .  He f i r s t  supposes sfl t o  be such 
t h a t  f o r  ev e ry  v a lu e  o f  x ,  An becomes i n f i n i t e l y  sm all  
when n becomes i n f i n i t e l y  g r e a t .  I f  the  s e r i e s ^ b e  i n ­
t e g r a t e d  tw ice  and th e  s e r i e s  th u s  formed be denoted
by F(x) so t h a t  F(x) = C -f~ C^x -t- sAoZ^-Ai-l ...................
he shows t h a t  F(x) i s  conve rgen t  f o r  ev e ry  va lue  of x ,
i s  c o n t in u o u s ,  and i s  i n t e g r a b l e .  He th en  p ro v e s—
1. That  when the  s e r i e s ^  con ve rg es ,  the  ex­
p r e s s i o n  F(xt-a.f ) - F (K-t-<*.*-(3 ) -F(x - A - ^ )  -t-F(%-<^-0 )
4<3t|3
converges  to  th e  va lue  f ( x )  when and^becom es  i n f i n i t e ­
l y  sm al l  b u t  such t h a t  t h e i r  r a t i o  remain f i n i t e ;
2 .  That F (x  -xoK ) 4- F( x -2  )-2F(x)  becomes i n f i n i t e ­
l y  sm al l  w ith  or ; and
3. That the  i n t e g r a l  FW  X( t̂ )
becomes i n f i n i t e l y  sm a l l  w i th  1 where b , c ,  denote  two
r
a r b i t r a r y  c o n s t a n t s  ( c > b ) A ( x )  a f u n c t i o n  which v;ith i t s  
f i r s t  d e r i v a t i v e  i s  co n t in u o u s  between b and c and 
v a n i s h e s  a t  the  l i m i t s  and whose second d e r i v a t i v e  has  
n o t  an  i n f i n i t e  number of  maxima and minima.
By means o f  th e se  theorems he p roves  t h a t  i f  a
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p e r i o d i c  f u n c t i o n  f ( x )  o f  p e r io d  2TT , can be r e p r e s e n te d  
by a t r i g o n o m e t r i c  s e r i e s  whose terms become u l t i m a t e l y  
i n d e f i n i t e l y  sm all  t h e r e  must e x i s t  a co n t in u ou s  f u n c t io n  
P(x)  such t h a t
-vF(x -  d -f3 )^ ^ 0
converges  to  th e  v a lu e  f ( x )  when , (3 converge to  z e ro ,  
t h e i r  r a t i o  r e m a in in g  f i n i t e .  F i r t h e r  the  i n t e g r a l  of 
(3) s u b j e c t  t o  the  c o n d i t i o n s  t h e r e  g iv en ,  must become 
i n f i n i t e l y  s m a l l  w i th  1 ,
r
C o n v e rse ly ,  when th e s e  c o n d i t i o n s  a r e  s a t i s f i e d ,  
t h e r e  e x i s t s  a t r i g o n o m e t r i c  s e r i e s  whose terms become 
i n f i n i t e l y  sm a l l  and which i s  such t h a t ,  where i t  con­
v e r g e s ,  i t  r e p r e s e n t s  the  f u n c t i o n .  F o r ,  de te rm in in g  
C*Aq so t h a t  F (X)-C ♦ X— has  th e  p e r io d  E'îr, and 
th en  d ev e lo p in g  t h i s  f u n c t i o n  by the F o u r i e r  method, the  
te rm  An* where An = ^  j  F(t) -  n(x-t) At
w i l l  become i n f i n i t e l y  sm all  w ith  1 and t h e r e f o r e  the
n
s e r i e s  Aq + Ai -f Ag . . . w i l l ,  whenever i t  converges ,  
converge to  f ( x ) .
Riemann th e n  shows t h a t  the  convergence o f  the  
s e r i e s  f o r  a d e f i n i t e  va lue  o f  x depends only  on the  
b e h a v io r  o f  the  f u n c t i o n  in  th e  neighborhood of t h a t  
v a l u e .
I t  w i l l  have been observed  t h a t  as  y e t ,  Riemann has  
g iv en  no c r i t e r i o n  f o r  d e te rm in in g  when the  c o e f f i c i e n t s
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of  th e  s e r i e s / i  w i l l  in  f a c t  become i n f i n i t e l y  s m a l l .  
L a t e r  he comes to  t h i s  p o i n t ,  and he t h e r e  s t a t e s  t h a t  i n  
many c a s e s  t h i s  q u e s t i o n  cannot be s e t t l e d  by. c o n s id e r a ­
t i o n  o f  t h e i r  e x p r e s s io n  a s  d e f i n i t e  i n t e g r a l s ,  b u t  must 
be de te rm ined  i n  o t h e r  ways. For the  v e ry  im p o r tan t  
case  in  which f ( x )  i s  i n t e g r a b l e ,  f i n i t e  th roughou t  the  
range  o f  the  v a r i a b l e ,  and has  on ly  a f i n i t e  number of 
maxima and minima, he p roves  t h a t  th e  c o e f f i c i e n t s  do 
become i n f i n i t e l y  sm a l l  and t h e r e f o r e  t h a t  th e  s e r i e s  
r e p r e s e n t s  f ( x )  whenever i t  i s  co n v e rg en t .
Next he t a k e s  up th e  case  in  which the terms o f  0 »  
do n o t  become u l t i m a t e l y  i n d e f i n i t e l y  sm all  f o r  every  
v a lu e  o f  X ,  and shows t h a t  th e  s e r i e s  can converge only  
f o r  th ose  v a l u e s  o f  x which a re  sy m m etr ica l ly  p laced  
w i th  r e s p e c t  to  th o se  f o r  which the  i n t e g r a l
does n o t  become i n f i n i t e l y  sm all  w i th  1 .
r
His  n ex t  s t e p  i s  to  c o n s id e r  the  p o s s i b i l i t y  of 
the  f u n c t i o n  becoming i n f i n i t e ,  and g iv e s  a s  n e c e s sa ry  
and s u f f i c i e n t  c o n d i t i o n s  t h a t  when f ( x )  i s  i n f i n i t e  
f o r  X 2  a ,  t f ( a - t )  and t f ( a  + t )  becomes i n f i n i t e l y  sm all  
f o r  t  ■ 0 and f  (a-f- t )  + f ( a - t ) be i n t e g r a b l e  up to  t  = 0, 
i t  b e in g  u nd e rs to o d  t h a t  f{x)  has  no t  an i n f i n i t e  number
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o f  maxima and minima.
L a s t l y ,  he d e a l s  w i th  f u n c t i o n s  hav in g  an i n f i n i t e
number of maxima and minima. In  t h i s  co n nec t io n  he
f i r s t  shows by an example t h a t  t h e r e  may be i n t e g r a b l e
f u n c t i o n s  h av ing  an i n f i n i t e  number o f  maxima and minima
which a r e  y e t  n o t  capab le  o f  r e p r e s e n t a t i o n  by a F o u r i e r
S e r i e s .  He h e r e  t a k e s  f ( x )  = d (x^ cos _1) where
dx X
He shows i n  th e  second p la c e  by examples t h a t  t h e re  may 
be f u n c t i o n s  h av in g  a f i n i t e  number of maxima and minima 
and n o t  i n t e g r a b l e  which n e v e r t h e l e s s  may be r e p re s e n te d  
by a t r i g o n o m e t r i c  s e r i e s .
Riemann has  th u s  g iven  a v e ry  g e n e ra l  s o l u t i o n  of 
the  problem of  r e p r e s e n t a t i o n  o f  f u n c t i o n s  by t r i g o n o ­
m e t r i c  s e r i e s  and h i s  theorems a re  of fundam enta l  im­
p o r ta n c e  in  th e  sub seq uen t  i n v e s t i g a t i o n  of  Heine ,  C antor ,  
and Raymond. But o t h e r  methods than  those  he g ives  
must i n  many c a se s  be r e s o r t e d  to  to  de te rm ine  v/hen the 
s e r i e s  i s  c o n v e rg e n t ,  and as  a m a t t e r  o f  f a c t ,
D i r i c h l e t ' s  i n t e g r a l s  seem in d i s p e n s a b le  f o r  t h i s  p u r -
1 Q
p o s e .
D. D. S tokes
The i n v e s t i g a t i o n s  o f  S tokes  i s  im p o r tan t  in  the 
development o f  s e r i e s ,  f o r  he t h e r e  draws a t t e n t i o n  to  
what has  s in c e  been c a l l e d  the  un ifo rm  convergence of
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s e r i e s ,  though t h i s  honor i s  u s u a l l y  a t t r i b u t e d  to  
S e i d e l ,  whose p ape r  d id  n o t  appear  t i l l  1848. In  the  
f i r s t  s e c t i o n  S tokes  d i s c u s s e s  the  expans ion  o f  a func­
t i o n  in  a s e r i e s  o f  s i n e s  and a l s o  in  a s e r i e s  o f  
c o s i n e s ,  and ad op ts  th e  method o f  P o is so n  as t h a t  which 
he employed when he f i r s t  began the  i n v e s t i g a t i o n s  and 
which b e s t  harmonized w i th  th e  r e s t  o f  th e  pape r .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
30
C o n t r i b u t i o n s  Subsequent 
t o  Riemann.
The co u rse  o f  th e  F o u r i e r  S e r i e s  now ta k e s  a  new 
d e p a r t u r e .  In  t h e  p re c e d in g  v/ork i t  has been seen t h a t  
under ' c e r t a i n  c i r c u m s ta n c e s  the  s e r i e s  w i l l  converge to  
th e  v a lu e  o f  th e  f u n c t i o n ,  bu t  in  more r e c e n t  t im es  i t  
has  been re co g n ized  t h a t  mere convergence i s  no t  s u f ­
f i c i e n t  f o r  most o f  th e  a p p l i c a t i o n s  f o r  which th e  s e r i e s  
i s  needed ;  the  convergence must be un if rom . Suppose f o r  
i n s t a n c e ,  t h a t  we have f o r  f ( x )  th e  s e r i e s
f i x )  » i a o t -  COS nx 4-bn s i n  nx)
and we wish to  e v a lu a t e  f (x ) ;6 (x )dx  by means o f  the
s e r i e s :  th en  we can on ly  s a f e l y  a s s e r t  the  e q u a t io n
f(x)j6(x}dx .
/f?> /p
■|aoJ j6(x)dx-t-y I ^ (ajj cos nx b^ s i n  nx)j6(x)dx
i f  th e  s e r i e s  i s  u n i fo rm ly  co n v e rg en t .  Unless  then  the
s e r i e s  i s  to  be shorn  o f  much o f  i t s  v a lu e  i t s  un ifo rm
convergence  must be e s t a b l i s h e d .  Another d i f f i c u l t y
t h a t  t h i s  c o n c ep t io n  o f  un ifo rm  convergence r a i s e s  i s
t h a t  th e  o ld  p r o o f  f o r  th e  u n iqueness  o f  the  expansion
becomes i n v a l i d ,  as  r e s t i n g  upon an i n t e g r a t i o n ,  th e
l e g i t i m a c y  o f  which i s  n o t  p roved .
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The f i r s t  t o  c a l l  a t t e n t i o n  to  th e  p o i n t s  j n s t  
m entioned  was H eine ,  in  a p ape r  c o n t r ib u te d  to  C r e l l e ^ s  
J o u r n a l . H e  g iv e s  the  d e f i n i t i o n  o f  un ifo rm  con­
v e rg ence  and sho?;s t h a t  the  F o u r i e r  s e r i e s  cannot con­
v e rg e  u n i fo rm ly  in  th e  ne ighborhood o f  a p o in t  a t  which 
th e  f u n c t i o n  i s  d i s c o n t in u o u s ,  and e s t a b l i s h e s  the  
fo l lo w in g  theorems :
(1) The F o u r i e r  S e r i e s  f o r  a f i n i t e  fu n c t io n  f ( x)  
w i th  a f i n i t e  number o f  maxima and minima converges 
u n i fo rm ly  i f  f ( x )  be con t in uo u s  f o r  (-IT =
and f ( - f r )  s  f(1T) ; i n  a l l  o th e r  c a se s  i t  i s  only  un ifo rm ly  
con v e rg en t  in  g e n e r a l ,  t h a t  i s ,  i t  converges un ifo rm ly  
f o r  ev e ry  I n t e r v a l  which does n o t  in c lu d e  a p o in t  o f  
d i s c o n t i n u i t y ,  th e s e  p o i n t s  b e ing  supposed f i n i t e  in  
number. The p o i n t s t i f a r e  to  be co n s id e red  p o in t s  o f  
d i s c o n t i n u i t y  i f  f  ( -if) ^ f  .
(2) I f  a t r i g o n o m e t r i c  s e r i e s  i s  in  g e n e ra l
u n i fo rm ly  co n v e rg en t ,  and i s  in  g e n e ra l  equa l  to  zero
f o r  (-IT'sor'C'st-or '̂TT) then  w i l l  eve ry  c o e f f i c i e n t  be ze ro .
For  t h e  p ro o f  o f  t h i s  theorem, he f a l l s  back on Riemann*s
p r o p o s i t i o n  r e g a r d i n g  L F ( x+a) -f-F(x-a)-2F(x) = 0
a=0 a
H e in e ’ s second theorem  shows t h a t  t h e r e  cannot  be 
two d i f f e r e n t  ex pans ion s  o f  a f u n c t i o n  i f  th e se  a re  to  
be in  g e n e r a l  u n i fo rm ly  c o n v e rg en t .
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C anto r  has proved th e  more g e n e r a l  theorem t h a t  even
i f  u n ifo rm  convergence be n o t  demanded t h e r e  can be but
one con v e rg en t  expans ion  in  a t r i g o n o m e t r i c  s e r i e s  and
i t  i s  t h a t  o f  F o u r i e r .  C a n to r ’ s memoirs a l s o  appear
i n  C r e l l e ’ s J o u r n a l . I n  th e  f i r s t  o f  th e s e  he proves
t h a t  i f  two i n f i n i t e  s e r i e s ,  a%,a2  . . . . b i , b g ,  a re
such t h a t  L s i n  nx +- bn cos nx) *0 where x i s  r e a l
n=
and l i e s  in  a g iven  i n t e r v a l  a]_^bi, then  Lan =0,Lb^=0 
f o r  n s  oc, In  the  second memoir he ta k e s  th e  fu n c t io n  
F(x)  o f  Riemann, th e  c o n d i t i o n s  imposed on i t  being  
shown, by th e  p r o p o s i t i o n  j u s t  s t a t e d ,  t o  be s a t i s f i e d  
and forms th e  q u o t i e n t  F (x i-  a) -2F(x) v F ( x - a ) . This
q2
q u o t i e n t  i s  ze ro  f o r  a =o a n d  F(x)  i s  co n t in u o u s ;  and 
i t  now fo l lo w s  t h a t  F(x) must be a l i n e a r  fu n c t io n  o f  x. 
Giving to  F(x)  a l i n e a r  v a lu e  and adopt ing  the  n o t a t i o n  
o f  Riemann, we have -|AqX^+Cj_x *t-C2  = Aq + . . . l^A^
The r i g h t  hand member being  p e r i o d i c ,  i t  fo l low s  t h a t  
Aq= 0 s Cq and then  m u l t i p l y i n g  by s i n  nx or cos nx and 
i n t e g r a t i n g  between ^  , i t  i s  seen  t h a t  â i = 0 = b^
f o r  ev e ry  v a lu e  o f  n .  Hence a convergen t  t r ig o n o m e t r i c  
s e r i e s  can r e p r e s e n t  ze ro  on ly  i f  every  c o e f f i c i e n t  i s  
z e ro ,  from which the  u n iq u en ess  o f  th e  t r ig o n o m e t r i c  
expans ion  a t  once f o l lo w s .
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Du Bois-Reymond^s c o n t r i b u t i o n s  to  th e  th e o ry  of 
s e r i e s  in  g e n e r a l  and o f  th e  F o u r i e r  s e r i e s  in  p a r t i c u ­
l a r  have been b o th  numerous and i m p o r t a n t T h e y  co n ta in  
n o t i c e s  o f  the  work o f  p r e d e c e s s o r s  and f u l l  r e f e r e n c e s  
to  h i s  own p a p e rs  b e a r in g  on th e  s u b j e c t ;  he proves  t h a t  
th e  c o e f f i c i e n t s  o f  the  s e r i e s
p sOC
f ( x )  = ^  (^p C O S  px + bp s i n  px)
p- o
have th e  v a lu e s
/fr
&o = 1 1 da f ( a ) ,
/ iT / TT
Up =1-1 da f ( a )  COS pa,  bp da f ( a )  s i n  pa^ 9̂ / —'IT ^ IT
whenever th e s e  i n t e g r a l s  are  f i n i t e  and d e te r m in a te .
This  p r o p o s i t i o n  i n c lu d e s  o f  course  the  theorem t h a t  f ( x)  
can be expanded in  on ly  one way in  a F o u r i e r  s e r i e s .
The c o n t r i b u t i o n s  o f  Du Bois-Eeymond may be s a id  in  a 
se n se  to  in c lu d e  a l l  th e  r e s u l t s  o f  p re v io u s  w r i t e r s  
and to  push the  i n q u i r y  as to  th e  n a tu r e  o f  the  f u n c t io n s  
which can be r e p r e s e n t e d  by a F o u r i e r  s e r i e s ,  when the  
c o e f f i c i e n t s  a r e  d e te rm ined  as d e f i n i t e  i n t e g r a l s ,  very  
n e a r  i t s  u tm ost  l i m i t s .
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